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Abstract. Based upon a variational principle derived in a preceding paper, expressions for the magneto-elastic
buckling values for ferromagnetic or superconducting systems are given. These relations are evaluated for systems
of slender beams. Explicit buckling values are calculated for a single ferromagnetic or superconducting beam of
arbitrary cross-section, and for systems of two parallel ferromagnetic or superconducting rods. In the analysis needed
for the calculation of the intermediate (i.e., rigid-body) and the perturbed magnetic fields, an intensive use of
methods inherent in the theory of complex functions is made. In conclusion our results for a set of two super-
conducting rods are compared with the results of a mathematically less complicated, but also less rigorous, theory.

1. Introduction

In [1] the authors derived an explicit relation for a magneto-elastic buckling value by way
of a variational principle. This relation was accompanied by equations and boundary
conditions for both the intermediate (i.e. pre-buckled or rigid-body) fields and for the
perturbed (due to buckling) fields. These fields must be solved first, and then mere sub-
stitution of the results into the expression for the buckling value immediately yields an
explicit value for the critical or buckling field. In [1] detailed evaluations were given for (i)
soft ferromagnetic bodies, and (ii) superconductors.

We start here with recapitulating the main results of [1]. Firstly, for a soft ferromagnetic
body in vacuum placed in a uniform field of field strength B, one has for the critical value
of B, the relation (cf. [1], (6.22); for the definitions of the symbols we refer to [1])

E o 0
“;_2 = {jac [(w + Baw) 55 + B == (b + Bow) — Buu By N,
0

J

1 v -1
) {1 T de- [1 — oy W ek,ek,:l d"} : (1.1)

In this expression B and T are the normalized magnetic induction in the vacuum G* and the
normalized stress tensor in the rigid-body state, which have to satisfy (cf. [1], (6.18)—(6.21))

4 %BkBk(uj,jui - u,-,juj)N,] dS — JG_ Tyu,uy; dV}

divB = 0, curlB = 0, xeG*; B x N=0, xedG;

(1.2)
Jio B NS = 0; B By/By, |x| - 0,



144 P.H. van Lieshout, P.M.J. Rongen and A.A.F. van de Ven

and

T,, = 0, xeG7; T,N = i(B,B)N, xedG. (1.3)
Note that T is not completely determined by (1.3), but this will do for our purposes.
Moreover, since we have identified the intermediate state with the rigid-body state, there is
no need anymore to distinguish between Lagrange and Euler coordinates.

The field Y, occurring in (1.1), is the normalized perturbed magnetic potential, due to the
deflection u in buckling. For y, we have derived in [1] the relations (cf. [1], (6.10), (6.14))

A'// = l//,ii = 09 XGG+; '// +Bkuk = l//o, xeaG;

1.4)
P (
jﬁc%ds =0 ¥—o0 |x|— .

The displacement field u must be chosen in such a way that it constitutes a reasonable
representation for the deflection in buckling for the (mostly slender) body under consider-
ation. Clearly, this choice can only be made after the shape of the body (e.g., a plate or a
beam) is known. In the next section this will be made explicit for the case of a slender beam.
The linear deformations e; are related to u; by

e, = 3(u; + u,). (1.5)

Whenever we can succeed in solving (1.2)-(1.4) and make an acceptable choice for u;, we
only have to substitute the results in (1.1) to obtain a numerical value for the buckling field
magnitude (in this case B,). It is this procedure that we shall follow in this paper.

Secondly, we proceed with the recapitulation of the analogous results for a superconduct-
ing structure with total electric current I,. For the critical current we have derived (cf. [1],
(7.18))

E
ﬁ = {LG W (Bju,; — B,;u;)) + BB, ju;u; — e;, B, 4; yu.uy
0

+ 2B (e — epuy) (A mthy,); + 3B By ju; — u;;u;)]N; dS

1 v -
- JG‘ Ty dV} {l T JG- (1 — oy ey + eklekl> dV} ) (1.6)

while the constraints here are (cf. [1], (7.12), (7.15))
B, = eyAy(ordivB =0), euB,;, = O(orcurl B=20), xeG*;
A = constant (or (B, N) = 0), x € dG; (1.7)

B > ¢(x), [x| - oo,
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and

T,

/N

=0, xeG™; T;N = —1i(B,B)N, xe€dG, (1.8)
and for the perturbed potential ,

oy

Ay = 0, xeG*; N

= (Bju;; — B,;u;)N;, x € 0G;

J

(1.9
Yy -0, |[x]|- co.

In the next section, the above results will be further elaborated for the special case of an
infinitely long beam, which is periodically supported. In Section 3, explicit buckling values
are calculated for one beam of arbitrary cross-section. The third section also serves as a first
acquaintance with the mathematical methods that will be used in Section 4 to solve the
buckling problem for a set of two parallel rods. Buckling values are calculated for both
ferromagnetic and superconducting rods. In the final section we present some special results
and we compare our results with those following from a more simplified approach, based
upon a generalization of the law of Biot and Savart.

2. The slender beam

Consider an infinitely long beam of arbitrary cross-section. The beam is periodically sup-
ported (simply supported or clamped), the distance between the supports being /. Let R be
a characteristic length for the cross-section. Then, the beam is called slender if R/l < 1. A
coordinate system {Oe,, e,, e,} is chosen with the e,-axis along the central line of the beam,
and the e, - and e,-axes in the plane of the cross-section D~ along the principle axes of inertia.
It is assumed that in buckling the beam deflects in the e, -direction. We denote the deflection
of the central line of the beam in the e,-direction by w(z). In accordance with Bernoulli’s
theory for the bending of slender beams, we then choose the displacement field in an
arbitrary point (x, y, z) of the beam as

Uy w(2) + 3v(x® — yHw’(2),

2.1

vxyw”(z), u; = —xw'(2).

U,

where v is Poisson’s ratio and '=d/dz.

The results recapitulated in Section 1 have been derived in [1] under the restriction that
the body is of finite dimension. In the above example, however, this is no longer true. We
can avoid this discrepancy by assuming that the fields are periodic in the z- or e,-direction
with period p (p is related to /, but does not need to be equal to /, and depends on the type
of support). In this case it is allowed to replace in (1.1) and (1.6) the finite region G~ with
boundary 0G by the finite parts of one period. Considering a final cross-section, separating
two periods, we notice that the contributions due to points just before and just after this
cross-section cancel each other. Hence, the truncated part of éG only consists of the lateral
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surface of the beam. Therefore, from now on one must read for G~ the finite domain of one
period, say z € (0, p), and for 4G the lateral surface of G~.

We now are able to evaluate the integral in the denominator of the right-hand sides of (1.1)
and (1.6). Since the integral represents the elastic energy of the beam, it is not surprising to
find that (2.1) implies that this term is equal to the classical energy for a slender beam in
bending (apart from a factor E/2), i.e.

1 v
T le- (1 —ay et "“ek’) vV = L [ w”() dz, @2
where
L=, x* dS, (2.3)

the moment of inertia about the y-axis. Note that in the derivation of (2.2) it is used
that

IRwW® @) = ORI Iw@, (24)

and that O(R?/I*)-terms are neglected with respect to unity.

We assume that the bias field B, for the ferromagnetic beam is perpendicular to the e;-axis,
and that for the superconducting beam the unperturbed current runs in the e;-direction. For
both cases, the problem for the rigid-body field is then purely two-dimensional, i.e.
B = B(x, y) and (B, e;,) = 0. The problem for the perturbed potential ¥ can be reduced to
a two-dimensional problem by the separation of variables

Y(x,3,2) — ¥y = ¢(x, »)w(2), (F), @2.5)
V(x,y,2) = ¢(x, »)w(2), (S)

Note: We try, whenever possible, to treat the ferromagnetic and the superconducting case
simultaneously. However when distinction is necessary, we label the ferromagnetic relations
with a suffix (F) and the superconducting ones with (S).

The separation according to (2.5) is only then consistent with the constraint Ay = 0 if
w(z) satisfies the relation

w’(z) + 2w(z) = 0, (2.6)
where the real parameter 4 is a separation constant, which is related to / through the support
conditions (e.g., for a cantilever A = n/2/, and for a simply supported beam A = =/l/). The
parameter A is proportional to and always of the same order as /~' and, hence, the parameter

0 defined by

5 = AR(=OR/) < 1), @7
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is very small. Note that  is a measure for the slenderness of the beam. With (2.5) and (2.6),
the constraint Ay = 0, for x € G*, transforms into the following constraint for ¢

Ap(x,y) = X¢(x,»), (x,y)eD", (2.8)

where, now, A is the two-dimensional Laplace operator and D+ is the domain of the vacuum
in the e,, e,-plane.

3. Buckling values for a single ferromagnetic or superconducting beam

Consider a slender beam as described in the preceding section. For the ferromagnetic case
the beam is supposed to be placed in a uniform magnetic field B,. The basic field B, is
directed in the e -direction, which is taken as the axis of lowest bending stiffness. The
deflection in buckling is then indeed in the e,-direction. This also holds true for the
superconducting beam. At this stage we can eliminate a small inconvenience in our formula-
tion. The normalized fields B, T and ¥ (see [1], (7.17)) are not dimensionless. Therefore, we
introduce new dimensionless normalized variables by (R is a characteristic measure for the
cross-section)

~ 2nR ~ 2nR 2nR PN 2
B =B A= LA’ v = _n_./,’ T = (anz)
toly Kol Uoly Bolg

T, (S). (3.1

This normalization also implies that the normalized pre-stresses fj are of the same order of
magnitude with respect to the small parameter é as the magnetic components ﬁ, There are
only two minor changes due to this modification. Firstly, in the left-hand side of (1.6) we
must replace

E 2nR)}E
24(”i S), (3.2)
Kol Kol

and secondly, with the current J; in the e,-direction, the constraint at infinity (1.7)* can be

made explicit, yielding (see also [1], (7.5)) (omitting the hats from now on)

B = % (—sin Be, + cos fBe,), |x]| = oo, (S), (3.3)

where | x| = (x> + »*)"? and 6 is the pole angle.

We proceed with an evaluation of the numerators of the right-hand sides of (1.1) and (1.6).
The magnetic vector potential A for the rigid-body problem is of the form A = A(x, y)e,,
yielding B = B(x, y) and (B, e;) = B; = 0. Moreover, we assume that the supports of the
beams are such that the stresses in the e,- or z-direction are zero, i.e.

T, =T, = T, = 0. (3.4)



148 P.H. van Lieshout, P.M.J. Rongen and A.A.F. van de Ven

Together with the above results, we use the constraint relations for B and y of Section 1, and
the equations (2.1), (2.2), (2.5) and (2.6) of Section 2. Finally, for the sake of simplicity, we
neglect in the superconducting case (S) lateral contraction (i.e. v = 0). This results in the
following asymptotic relations for the buckling values, deduced from (1.1) and (1.6),

U EL2* i)

—Bgy— = Ju Be gy @ + B)ds + 0(5),6 - 0, (®), (3.5.1)
42 R*ELA* 0B, &x

—#0;03’— = [, [— @ + B) 53 — 5 (B + B,Z)N,] ds + 0(%), & = 0, (S).

(3.5.2)

We note that, due to (1.4)*, the (irrelevant) constant ¥, does not contribute to (3.5.1) (in fact,
the condition for y at infinity implies y, = 0). Moreover, we make the convention that any
term in the subsequent analysis of the form O (6" log* J) will be referred to as an O (6")-term.

For a complete solution we still need B and ¢. The intermediate field B can be solved from
(1.2) or (1.7), whereas the perturbed potential ¢ = ¢(x, y) has to satisfy

Ap = ¢, (x,y)eD*; ¢ -0, x*+ y' > oo0;

d (3.6)
¢+ B, = 0,(F), ﬁv(d’*”x) = 0, (S),(x,y)edD.

It will turn out (see (3.12)) that the leading terms in the right-hand sides of (3.5) are of O(1)
with respect to 4, for (F), and O(8?), for (S), which means that the higher-order terms in (3.5)
are indeed negligible.

Let the region D™, occupied by the cross-section of the beam in the x-y-plane, be finite,
simply connected and sufficiently regular (in order that all of the manipulations that follow
are allowed). Furthermore, let z be the normalized complex variable

z = (x + iy)/R, (3.7

and $—, S* and C the regions in the z-plane corresponding with D~, D* and dD, respectively.
Then, there exists exactly one conformal mapping

z = A (3.8)
from the region {u||u| < 1} in the complex u-plane onto S*, such that
h(—1) = —4, h(l) = B, h(w) = oo,

where — 4 and B are the intersections of the boundary C of S* with the negative and positive
real axis in the z-plane, respectively (see Fig. 1). For this conformal mapping the number ¢
defined by

¢ = lim |h@)u| = lim [k W), (3.9)
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Fig. 1. The conformal mapping z = h(u).

is finite and positive. Moreover, it is assumed that the cross-section is sufficiently regular
providing that

¢ = O() and 1l/c = OQ), 6 -0, (3.10)
implying that
ARc = 6c = O(R/l) < 1. (3.11)

We can now give the final results for the buckling values. We shall present these first, together
with some interpretations and specific results for special cross-sections, and we shall post-
pone the proof until Subsection 3.1 at the end of this section.

The final formulae for the buckling values, which follow from (3.9) are

2n )

mBo = T(6c){1 + O}, (F), (3.12.1)
12
e v e SR GO Ot (3.122)

for 6 — 0, where
I'dc) = —y — log(tdc), y = 0.577 (Euler’s constant). 3.13)

Before proving these results (in Subsection 3.1), we make some remarks. Firstly, the
general form of the results (3.12) holds irrespective of the shape of the cross-section.
In fact, the shape of the cross-section only enters these formulae through the number c.
Hence, realizing that 7, is proportional to R, we see that, apart from a logarithmic factor,
the buckling values B, and I, are proportional to (R//)* and to R/l, respectively, for every
finite cross-section.
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Secondly, for a circular cross-section one has ¢ = 1, and then the obtained results
correspond completely with those known in literature (cf. [2], [3] for (F), and [4] for (8)). For
a beam of elliptic cross-section (@ x b; a < b) one gets

Re = Ya+b), I, = indb. (3.14)

y

Restricting ourselves to case (F) for a cantilever (A = n/2/), we find from (3.12.1) for the
buckling field

B} b (na\ n(a + b)
WE %(E) F(———4l . (3.15)
This result is in correspondence with [3], eq. (6.13), with u=! — 0.

Finally we consider a ferromagnetic cantilever of rectangular cross-section (@ x b;
a < b). For a rectangle it can be proved that ¢ becomes (analogously to [5], p. 178)

a
— .16
Re = s —a = KGO (3.16)

where p € (0, 14/2) is the root of the relation

a _ EQp) - (- p)KQPp?) (0 <
b E(1 - p*) — pPPK(1 — p?)’

< 1), (3.17)

SR

and K and E are complete elliptic integrals of the first and second kind, respectively.
Moreover

I, =

IS

@b. (3.18)

Then, (3.12.1) yields (with 4 = m/2/)

B} 2b (ma\' _ [mRe

— = — =T —=]. 3.19

E 3an ( 21 ) 2/ (3.19)
In a previous paper [6], one of the authors stated that it was to be expected that the buckling
values for a narrow rectangular cross-section may be approximated by the corresponding

values for an elliptic cross-section. To check this statement, we shall compare the result (3.19)
with (3.15) for an ellipse (a, x b,), such that

2

a = oa, b = ob,
In this case the rectangle and the ellipse have identical thickness-to-width ratio’s and

moments of inertia [,. Defining g as the quotient of the buckling values we then find from
(3.15) and (3.19)

a = (BO)rectangle _ F(ch/21) 1/2
Q<B> - (Boetipse - (F(n(a1 + b1)/41)> . (321)
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Some g-values, for b/l = 0.1 and varying a/b are listed in Table 1. These values justify the
expectation stated above.

Table 1. Ratio of buckling values for rectangular and elliptic cross-sections

alb 1.0 0.9 0.8 0.7 0.6 0.5 0.4 0.3 0.2 0.1
Re/b 1.180 1.121 1.061 1.000 0.938 0.875 0.810 0.743 0.672 0.595
qg 0.982 0.983 0.984 0.985 0.987 0.990 0.994 1.000 1.008 1.022

We now proceed with the proof of the general results (3.12).

3.1. Proof of (3.12)

All manipulations in this section will be performed in the complex z-plane (with z according
to (3.7)). We shall not give detailed references in all steps of our calculations, but for a
general reference with respect to the methods we use here we refer to [7]. Introducing the
complex line element dz by

Rdz = i(N, + iN,)dS = iN ds, (3.22)

where (N, N,) denotes the unit outward normal on C, and the complex derivative as

0 0 0

— = 1R ;2L .

e 1 < pll >, (3.23)
we immediately derive the useful relation

0 0 .0
2d25; = ds (a + l-a—ﬁ>, ze C. (324)

With the function F defined as
F = B —iB, zeS*vuC(, (3.25)

we rewrite the constraints (1.2) and (1.7), (3.3) for the intermediate state as

F analytical, ze ST,
iFdze R, (F) Fdze R, (S), ze C, (3.26)
F=1+4+00¢?%)®F; F= —iz'+0@?,(6) z- .

For the perturbed potential ¢ we have at our disposal the constraints (3.6). Consider ¢ as
¢(z, 2), then the Helmholtz equation (3.6)' can be written as (6 = AR)

4 ’P(z, 2)

A -
9 0203

= 8(z, 3). (3.27)
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With the introduction of the real-valued function
S =fz2=¢+ B, zeS*UC(, (3.28)
the constraints (3.6)>* simplify to

f=om® L =0® zec (3.29)

After substitution of (3.25) and (3.28) into (3.5) and with the use of (3.24) and the above
constraints, the buckling formulae (3.5) can be transformed into

4
%E—;g'{— = Im chg—f dz, (F), (3.30.1)
0
1252 d
4_"2_50;2_5 = Im|, [— fd—f + 18 + E)FZ:I dz, (S). (3.302)
0

In the above equations df/0z and f occur. Therefore, we first derive integral equations for
dfjoz (F) and f (S) on C.
The fundamental solutions of the Laplace and the Helmholtz equation are

_ _ 1 1 . -
G(Za 2, 29, ZO) = - Z log 'Z - ZOI = - I& [log (Z - ZO) + log (Z - zO)]a

. (3.31)
H(Za 25 295 20) = _2_7; Ko(5|z - ZOI)a

respectively, where K is the modified Bessel function of the second kind of order zero. These
solutions satisfy

A.G = —4,(z — z); AH — 8H = -6,z — z), (3.32)

where J,(2) is Dirac’s delta function. Green’s second identity, together with (3.26) and (3.27),
implies for (x,, y,) € D™,

d
¢, 1) = |, (¢ giNI - H %’,) ds, (3.33)

and

G 0B,
B(x0, ) = B() + [, (B,gﬁ -G aN) ds
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oH 0B,
= B(®) + [ <B,a—ﬁ - H azv) ds
oH — G) oH - G)

+ ,, (B, — — B—— ds, (3.39)
where in the latter step it is used that dB,/0N = —0B,/0s on 0D and one partial integration
is performed.

With use of (3.24) it can be shown that
oH 2 OH
¢st = Re {7¢a—zdz}. (3.35)

Analogously, and with the use of (3.25), the last integral of (3.34) can be transformed into
a complex integral. Then (3.33) and (3.34) add up to

_ 2 0H 2 of
f(Zo,Zo) = RC{F((X)) +7jcf32—dl ——I—J-CHEdZ

— % [ FQQHa—ZG—) dz}, z, € S*. (3.36)

We note that both dH/0z and 0G/dz are of the form

- E‘c—(}———zo) + regular term,

for z — z,. Therefore, for zy, — C only the first integral on the right-hand side of (3.36)
becomes singular. Using Plemelj’s formulae (cf. [7], or see (3.57)) we then obtain from (3.36)
by letting z, — C (since z, and Z, are coupled on C, we denote f(z,, Z,) by f(z,) for z, on C)

2 0H 2 af
f(zo) = ZRC{F(w)'*‘TfoEdZ—?JCHEEdZ
2 JoH - G
—7JCF(T-2dZ}, zy € C, 3.37

where { stands for Cauchy’s principal value (cf. [7]). At this point we have to consider for
a moment the ferromagnetic and the superconducting case separately. From the relations
(3.29) (with the first one written as df/ds = 0) it follows that

o
laz

gf dzeR,(S), zeC. (3.38)

Z

dz € R, (F);
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Using these relations and the last rule of (3.26) in (3.37) we deduce successively

—j H~ f = 1 — Re {% jCFQ(—Iia;—G) dz},(F), (3.39.1)
and
fz) = Re{ f.f ZIZ dz — ? [ FW dz}, (S), (3.39.2)

both for z, € C.
In order to get a better uniformity between the (F) and (S) case, we introduce the auxiliary
function A(s) € R by

A@) = j a—f( (5) dz(s) _Es 0<s<L, (3.40)

where s is the arc length parameter along C which stands in a one-to-one relationship with
zon C, ie. z = z(s) on C. Moreover, L is the total arc length of C and

of

Kp o= == 5 dzeR. (3.41)

From (3.40) it follows that

Lof dAG) |
= < <
-3-d [ = L]ds zeC, 0<s< L. (3.42)

After the substitution of (3.42) into (3.39.1) and one partial integration, (3.39.1) transforms
into

oH oH 2K,
—2][A ds = —4Re)(CA5;dz = 1—_—j Hds
oH — G
— Re {ljc % z},(F), z € C. (3.43)

The integral equations (3.39.2) and (3.43) are too complicated to solve them exactly.
However, recalling that é is very small, we can write

2n(H — G) L) + 0(8),

4n ——a(Ha; G 18 T@) + 1 —loglz — 2} — 7) + 0@, (3.44)
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for 8 — 0, uniformin z, z, € C. Introducing the first order approximations for i A(z) and f(z)
by (igre Rand g€ R)

iNz) = gr@(1 + O@), F);  f(2) = Fgs@(1 + O(F)), (S), (3.45)

respectively, and neglecting terms of O(6?) with respect to unity, we can approximate (3.43)
and (3.39.2) by

1 z K K
Re {— ch 8¢(2) dz} = 14 ﬁj’c loglz — zy| ds — 2—;1“(6), (F), (3.46.1)

27 €z — z,

and

. 1 gs(2)
1g.(z)) + Re {2—7” J£c dz}

zZ — 2,

= Re {—l—j F@Z)[loglz — zy} — T(3) — 11 — Z,) dz}, (S), (3.46.2)
A 4mi ’c

for z, € C. Use of the above definitions and approximations in (3.30) results in the following
set of buckling relations

EL 1 d j
#OszZ = Im {jc Fdisf ds + f% jc Fds}, F), (347.1)
4]
and
42 EI )2 d 1
—,fz 2 Im {Ic Fsds 1 1+ 9P dz}, ©®). (3.47.2)
4]

Hence, for the calculation of the buckling values we do not need to know g, and g
completely, but we only need the values of the first integrals on the right-hand sides of (3.47).
Again the calculation of these integrals runs for (F) and (S) mainly along the same lines.
Firstly, we define two real-valued functions Ry (2, Z,) and Ry (z,, Z,), for zy€ S~ U C,
which for z, € C are equal to the right-hand sides of (3.46), i.e.

=y Kp Kp
Re(z0, %) = } + 57 [ loglz — z|ds — 7 T0), (3.48.1)
and
1
Rs(zy, Z) = Re {@ fc F@)[log|z — zy| — T'(6) — 31(Z — Z) dZ}, (3.48.2)

forz,e S~ v C.
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For later use we calculate the first derivatives with respect to z, of these functions for
2z, € S™. They read (use (3.26)*°)

ORy Kg ds

G5 - T amLlei— g G4
and

oRs 1 , I-—3 L _

T @fc F(2) [log 2 = wf = S |42 + HTE), mes™ (3.49.2)

The real and continuous function R(z,, Z,) possesses continuous derivatives in S~ and,
furthermore, it can be proved that

R
0z,0Z,

-0, zeS8. (3.50)

For R the proof of (3.50) is trivial (see (3.49.1)), whereas, for Rg, (3.50) follows from (3.49.2)
with the use of the property that for z, € S~

2ni i€z — z,

z = F(o) = 0. (3.51)
We note that, due to (3.50) and because F dz € R on C, the integral

1
ch F@Z)log|z — z[*dz, z €S,

occurring in the right-hand side of (3.49.2) is a real constant which will be denoted by «g,
i.e., (take z, = 0)

1
Ks = 5= [ F@) log |z| dz. (3.52)

The relation (3.50) together with the properties of R(z,, Z,) mentioned above imply the
existence of analytical functions W(z,) and ¥(z,) for z, € S~ U C, such that

R(zy, Z,) = ReW¥(z), z, €S uC. (3.53)

Differentiating (3.53) with respect to z,, we obtain a relation, which will be used further on,

d¥(z,) — ZaR(Zo’Eo)

az, P z,€S”. (3.54)
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As a second step, we introduce the Cauchy integral

1 g(2)
@) = 513 _—

dz, z,e C\C. (3.55)

Then
(i) ®(2) analytical, ze C\C;

(i) ®(2) = O@""), z - oo (3.56)
(iii) ®*(z,) = J—rlg(z)+if 2@ 4, sec (.57)
[} 2 [} 7[- c 20 s V] . .

The relations (iii) are the well-known Plemelj-formulae, already mentioned before. Combin-
ing these relations with the integral equations (3.46) and using that ig,, g and the right-hand
sides of (3.46), i.e., Ry and Ry, are all real, we straightforwardly find that

Re® (z) = R(z), z e C. (3.58)
Furthermore, for case (F), it follows that

Re®f(z,) = Re®7(z), z,€C. (3.59)

Finally, subtraction of the Plemelj-formulae amounts to

dg d
= = — (@ — ®%), al . .
s ds( ), along C (3.60)
A comparison of (3.58) with (3.53) yields

Re(® (z) — ¥(z)) = 0, zeC. 3.61)
Use of a well-known result from the theory of complex functions, saying that if the real part
of an analytical function is zero at a boundary C, this function can at most be an imaginary
constant in the interior region S~ of C, now implies that

D (z,) = Y(z,) + iy, zpeS v C, (3.62)

where u is an irrelevant real constant.
With the preceding results we can derive

dg d dy
.chads = J'Cpa;(q) — ®*)ds = .[CFEdZ’ (3.63)
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since

do\*
J'CF(E) dz = 0, (3.64)

because Fd®/dz tends to zero as (at least) O(z~2) at infinity. Explicit expressions for d¥/dz
can be deduced from (3.54) and (3.49). From (3.54) and (3.49.1) we obtain

He o (S
dz, 2rL \)C z — z,

K ds ' _kpds .
oof <jc ) i75 (@), 2€C (3.65.1)

z — z

with the use of the Plemelj formulae. Analogously, we obtain from (3.54) and (3.49.2)
together with (3.51) and (3.52)

d¥s _ 1 (¢ ZF(@) .Y ) ~
d_zo - 8ni (J’C z — z, dz) + 3 [T(©6) — xs]
N §:Tz (Ic fi(z;, dz)+ — 15F(@) + 3@ - k), zeC. (3.65.2)

We now have to substitute (3.65) into (3.63) and, subsequently, the result into (3.47). After
some elementary calculations we finally arrive at the following buckling relations

EL}*
“23’3 = k(1 + O(8), (F), (3.66.1)
4 2

i? = (T® - xs — DA + O@E), ©). (3.66.2)

At this point we still have to determine the constants x, and ;. It is only in this last step
that the conformal mapping (3.8) (and, hence, the specific shape of the cross-section) enters
in our analysis. For the calculation of kx; we do not use its definition (3.4.1), but a result that
is a consequence of (3.58)—(3.59). Considering ®} (z) = ®; (h(w)) = ®F (), |u| = 1, as a
function of u, we see that

1 d 1 d
EELnﬂRei’;Tu = Re{ﬂjmﬂé; T:} = Re{®; ()} = O. (3.67)
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On the other hand (3.59), (3.58) and (3.48.1) imply

1 du 1 du
—jm  Red* = —jm R

2mi u 2mi u
1 1 Kp_ 1
B E( F((S)) 2—_ lul=1 3 27rL 2ni Lul L u I log |z — z| ds,
= (1 - = I"(5)) —2 I(uy, i4y) dsy,
where

1 d
I, @) = 5=, 108 |h() — h(u)] — €.

Extending the domain of I to |u,| = 1, we see that I satisfies

1R () du 1
T2 2mi L"I=‘u(h(u)—h(u0)) T 2w’

. oI
(l) 5_ = |u0| > la
U
@) I = log|cuyl + O(ug'), |uyl = o0;
in accordance with (3.9). Therefore, the real integral I is equal to

I(uy, 4y) = logcyy| = logec + loglugl, |up| > 1

Substitution of (3.72) into (3.68) with simultaneous use of (3.67) leads us to
5 re)+ Eroge = 0,
T T

or, with the definition (3.13),

T T
KF= =

@ — loge I'(6c)’

With z = h(u) the expression (3.52) for kg becomes

I

Ks

1
> jc F(2) log | h(u)| dz

%EI F(z)l:logc—l-log ()) loglul]dz

_loge 1 h(u)
= - [, F@) dz + Re 5 [ F(z) log (7) dz,
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(3.68)

(3.69)

(3.70)

(3.71)

(3.72)

(3.73)

(3.74)

(3.75)
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because of the (S)-property that Fdz € R, for z € C. Here, ¢ is a complex constant such that
h(u)/éu — 1, for u - oo (hence, |¢| = c). Since h(u)/¢u is an analytical function, unequal
to zero, in §*, the function log (h(u)/éu) is also analytical in S* and tends to zero foru — 0.
Moreover F(z) = —iz=' + O(z?), for z — oo and, hence the second integral in the last
right-hand side of (3.75) is zero, while the first one becomes equal to 2n. Hence, (3.75)
amounts to

ks = loge. (3.76)

Substitution of (3.74) and (3.76) into the buckling relations (3.66) ultimately results in

ELJ*
#"23:3 = r(,;c) (1 + O, (F), (3.77.1)
AnEL A? \ ,

#01'02 = (I(6c) — 1A + OF*), (S). (3.77.2)

This completes the proof of (3.12).

4. A set of two parallel beams

In this section we consider systems of two identical, parallel, infinitely long beams (as
described in Section 2). The beams can be either soft ferromagnetic (F) or superconducting
(S). In order to keep our analysis manageable, we restrict ourselves to cross-sections which
show double symmetry. The distance between the centres of the cross-sections is 2a. A
coordinate system {Oe,, e,, €,} is chosen with the origin O midway between the centres of
the cross-sections, the e,-axis parallel to the central lines of the beams and the e, -axis
through the centres of the cross-sections. The e, -axis coincides with one of the symmetry axes
of the cross-sections. In the e e,-plane the cross-sections are denoted by D, and D,, with
boundaries D, and @D, , respectively, and the vacuum region is denoted by D*. The centre
of D, lies on the positive e, -axis (coordinates (a, 0)). Our general approach applies to
arbitrary, however doubly symmetric, cross-sections, but explicit numerical results will only
be given for circular cross-sections.

The basic field B, (case (F)) is taken in the e, -direction (in Section 5 we shall discuss the
somewhat more complicated case that B, makes an arbitrary angle 6, with the e, -axis). In
case (S), we assume that the total currents in the two superconducting beams are equal in
magnitude (/,), but these currents can be either in equal (case (S,)) or in opposite directions
(case (S,)) (the current in the first beam, cross-section D,, is always in the positive e,-direction).
Then, in all these cases the buckling displacement is along the e,-axis. Moreover, we assume
that the buckling displacements of the two beams are equal but opposite. In fact, if the beams
buckle in the same direction, the complete set behaves as one beam and it turns out that then
the buckling load is much higher (i.e., at least O(6~'); see the preceding section) than the one
we shall find in this section. Thus, we suppose that the displacement field (2.1) (for one beam)
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here generalizes into

w(xy) = wi@ + plx — a = yIw'(@),

Uy (x, y) vix — a)yw"(2), (4.1)

u3(x’y) = —(x—a)w’(z), (x,y)eDl_5

yielding the same expression for the elastic energy of one beam as found in (2.2). Obviously,
the elastic energies of the two beams are equal.

Again, all manipulations in this section will be performed in the complex z-plane, with z
according to (3.7) and with all notations as introduced in Section 3 (e.g., 0D, — C,). There
1s no difficulty in verifying that, in analogy with Section 3, the relations (3.26) remain valid
here. We only have to replace the explicit condition at infinity for case (S) by the more vague
condition

F—-0, z-5 o, (S). 4.2)
This vagueness is due to the fact that the behaviour of F for z —» oo is different in the cases
(S.) and (S,); in case (S,) one has F = O(z™'), z - oo, whereas F = O(z7?), z -» oo, in

case (S,). Of great use in the following calculations are the symmetry relations (which are
due to the double symmetry of the cross-sections)

F(-2)

F(2), (1), @3

F(—2) —F@),S.);  F(—2) = F@,S,).

Finally, we need the following results for the integrals of F(z) along C,, which can easily be
verified,

jchdz = 0, (F); jchdz = 2m, (S). (4.4)

Likewise, the relations for the perturbed potential ¢ remain practically the same as in
Section 3. We only have to realize that (for w > 0) the displacement of D, is in the positive
e, -direction, but that of D, is in the negative e,-direction. Therefore, instead of f = ¢ + B,
as in Section 3, we must here introduce

fe. 2 {¢+Bx, Rez > 0, .s
f=Jr&an = ¢ — B,, Rez < 0. )

However, we do not have to worry about this somewhat peculiar relationship, if we make
use of the trivial symmetry relations

f(—Z, _2) = —f(Z, 2), (F),
f(=z, -2 = f(z,2,8); [f(~z =2 = —f(z2),(S,)

(4.6)
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Thus, the relations (3.6) for ¢ remain valid (6D — 0D,) and the same holds true for the
relations (3.29) for f(z), which now refer to C,. Finally the formulae (3.30) for the buckling
value may be applied here too, where the integration takes place over C,. However, in the
(S)-formulae the O(8?)-term in the integral on the right-hand side of (3.30.2) may now be
neglected, as the leading term in this case turns out to be of O(1). Since the influence of the
pre-stresses is enclosed in this O(6?)-term, this means that the pre-stresses may be neglected
now (note that this was not the case for the single superconducting beam).

Considering (3.30) we conclude that we are only interested in the functions F(z) and f(z),
for z € C,. In the same way as in the preceding section we can derive the following integral
equation for f(z), z e C, (compare with the derivation of (3.37) from (3.33)-(3.36), and
realize that now C = C, v C,and f = ¢ — B, on C,)

2, 0H 2 of
f(z,) = 2Re {F(oo) + 2 J(Cfgz—dz - 7ICHEdz
2, 0(H— G) 4 OH
_ ﬂc F———dz + 7[@ = dz} z,€ C,. 4.7)

The last term in the right-hand side of (4.7) is descended from

oH 6B 4 oH
X = - o 4.
2, (‘6N aN)ds Re{,j Fazdz} 7€ C,, (4.8)
in the derivation of which a.o. the relation 0B,/0N = — 0B, /0s is used.

In exact analogy with the preceding section we introduce, in the (F)-case, the auxiliary
function A(s) by (3.40) and we denote the first-order approximation of i A by g.(z) (see
(3.45.1)). Moreover, we introduce the first-order approximation of f(z) in the (S)-case
according to

@) = gs(2)(1 + 0(5%)), (4.9)

(note that this is in contrast with (3.45)%). Using the approximations (3.44), the boundary
conditions (3.29), the conditions at infinity (3.26)* and (4.2), and neglecting all terms of order
O (6%) we derive from (4.7) the following two integral equations for g-(z) and gs(z) (igr € R,

gs€ R)

Re{l &) } = Rp(z), z€C, (4.10.1)

27 €z — z,

and

1 z
bes(z) + Re{ﬁfc 85 dz} = R@) z¢Ci, 4.102)

Z"ZO
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where
D x®
Re(z,) = 2nFL o log 1z — 2] ds + 21:L jcz log [z — z,| ds
o) o @ 1 ! F(2)
— & (kP + k) + 3 — Re chzz_zodz, z € C,, (4.11)
and
1 F(z
Rs(z)) = Re {E-fczz—()zo dz}, z,€C,. 4.12)
Furthermore
1, of o _ 1o o
K = ?'fclézdz, K = 7fczadz, L = fc. ds. (4.13)

From the symmetry relations (4.6) it is evident that
kP = —xp. (4.14)

Hence, in the expression (4.11) the third term vanishes and the first two terms can be taken
together to yield

_ K z -z, . 1 F(2)
Re(zy) = Re{anfqlog(z_*_z ds; + 1 — Re 2_n}jsz—zodz , 2 €C,|.

0

4.15)

Note that the integral equations (4.10) still contain integrals over C,. However, these
integrals can with the use of the symmetry relations for F(z) and f(z) easily be transformed
in integrals over C,; (but this is postponed for the moment).

The integral equations (4.10) are similar to the equations (3.46) of Section 3, and just as
in that section these equations will be solved by Hilbert-methods. The analysis is exactly the
same as the one presented in Section 3 between the eqs. (3.53)-(3.63) and, therefore, we
immediately give the results, which read

MELA o . _ dgr  ix}
W—ImJ‘CIFa—ZdZ—Im jClF _S+— ds

iy d¥, do;
Im{ L ICI Fds + IC, F( dz - dz )dZ , (F), (4.16.1)
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and

4r? EL 128

dF dgs
PN = —ImelEngz = ImJClF—ds

ds
d¥, do:
= Im {jc F(E - )dz}, (S). (4.16.2)

Note that here (3.64) does not apply, because the region exterior to C, is not simply
connected but contains as a hole the region S,, corresponding to the cross-section of the
second beam.

The functions ¥(z) and &+ (z), occurring in (4.16), must be calculated from (compare with
(3.57)—(3.58))

Re®;(s) = Re®i(z) = Ri(m) = Re¥;(z), zeC,, (F); @.17.1)
Im®; (z,) = Im®;(z), Re®d;(z) = Rs(z) = Re¥Ps(z,), z € C, S); (4.17.2)

Up to here the results apply to arbitrary, but doubly symmetric cross-sections. For the
explicit calculations of the right-hand sides of (4.16), however, we from now on restrict
ourselves to circular cross-sections (radius R, I, = nR%/4). The analysis is based on a
conformal mapping from the exterior region S* onto a ring. For other than circular
cross-sections the use of a conformal mapping is in principle also possible, but in that case
our considerations are much more complex.

For two circular cross-sections the conformal mapping reads (in the z-plane all distances
are normalized with respect to R)

1+u 5 _ W1, m o= 2> L 4.18)

z =B

1 —uw

Under this mapping, the exterior region S* transforms into a ring bounded by concentric
circles of radii & and a~' where

a =m-—8, av' = m+ B, a€(0,1), 4.19)

(see Fig. 2.)

Fig. 2. The conformal mapping (4.18).
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The cross-sections S, and S, are mapped onto the interior and exterior regions of the ring,
respectively, and the boundaries C, and C, onto the circles |u| = x and |u| = «~', respect-
ively. The point z = oo corresponds to u = 1. Finally forz e C, (i.e. |u| = x oru = ae'’)
one has

_ 2B
(= w

du = 2P g (4.20)

dz = T

From here on the paths for the two cases (F) and (S) diverge, and, therefore, we have to
consider these cases separately. We start with

The ferromagnetic case (F)

For the calculation of F(z2), it is convenient to introduce the function

G = “—(g(ﬁ_)—;)Tl) Fw) = Fzu), o« <|u|<a" 4.21)
From (3.26)* it follows that
Fu) = 14+ 01 —uwp), u—1, 4.22)

and, hence, G(u) is regular for ¥ = 1. From (3.26)'?, (4.3) and (4.4), we conclude that

1
’

(i) G(w) analytical, a < |ul <a”

(i) G) + ———€eR, |u| = 2

1 —wy
(4.23)
(i) Gw) = Gu™"), a < |u| < al,
(iv) Lul:a Gl(‘u) du = 0.

Developing G(u) in a Laurent series and employing the properties of G(u) listed in (4.23) we
conclude that G(u) must be of the form

Gu) = Y &G +u") g =t n2 1L (4.24)
n=1 -
This yields for F
Fw) = Fo+ Y F +u™), (4.25)

n=1

with

Fb = 1+2¢, F, = g, —28+8&_,, n21, g = 0. (4.26)
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For the solution of (4.17.1) we need explicit expressions for the integrals occurring in the
right-hand side of (4.15). Using the symmetry of F (i.e. (4.3)') and (4.20) we deduce with
(4.25) that, for z, e S, v C,,

dz

1 f F(2) d 1 f F(z)

2ni G z — z, 2ni JG z 4+ z,

1 o~ 1 1
= —fn_i-[lulﬂF(u)(l —u+u—u0‘1>du

= Y F@w-1 =g + Zl Fuf, |ul < a. (4.27)
n=1

n=

The first integral in the right-hand side of (4.15) is calculated by transforming the path
of integration C into the circle |u| = «, developing log (1 — v), (v = uu; ' or v = uu,)
in a power series in v and applying Cauchy’s residue theorem. In this way we obtain
(L = 2n)

Ky z =z,
Re {21!L IC- log (z + zo) ds}

_ K 1 —1y
= 5-Re {2—m,jm=a llog (—uy) + log (1 — uuz') — log (1 — uu,))
1 1
x[u—-az_u—l]du}
(1) o) 1_ 2n
= Efn—{loga ~Re ¥ (—nf‘—)ug}, luy| = o (4.28)
n=1

The right-hand side R.(z,) of (4.17.1) is now explicitly known. The symmetry relation for
f(z, Z) implies (D(u) = B(z(w)))

i (~2) = —OF (), Q@) = -P ). (4.29)

Furthermore, the function ¥ must be analytical in the inner region |#| < «. Consequently,
the Laurent series for @ and ¥, are of the form

Sf ) = Y ¢ —u"), a<|ul <ol (4.30.1)
n=1
and
Yew) = Y vau, lul < o (4.30.2)
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Substituting (4.27) and (4.28) and the series (4.30) into (4.17.1), we see that these integral
equations are satisfied if

kP 1+ 2 1 1 + o
2n loge?  loga?\1 — a2/’
M1 _
v, = F, — ’;; n“ . n= 1, 4.31)
a2n
|p0 = 0, ¢n = —mw", n>1

It is now a matter of simple algebra to derive that for z € C, or |u| = «,

dof d¥;
( dz ~ dz )dz

@ - ¥

® (k¥ nF, ., om s dU
,2‘1 (27[ = a2"> W + a®u™") - 4.32)
The final step consists of the substitution of (4.32) into the buckling formula (4.16.1) and the

calculation of the thus obtained integrals. This leads to the following explicit result for the
buckling field (I, = nR*/4)

HEd ik 1 F(2)
1682 Im{ T ety

® ) ‘
Kp nF,, . 1 - . s l_
,Z‘l (Zn 1 — au) i Lu|=a Fu) W + oa®u™") - }

K © nF, k®
= £ (1 2 2
2n( +g,+";1E,a>+ZF(1+ )<1—cx 2n

12<:icx> Z Fz( 2)>0,(F). (4.33)

B log a

In the above calculation we have used that

1 f F@) . _ 1 | Fo ., 1 | @ 4 (4.34)

2ni ‘Gz — m 2ni vz — m Wiz —m

where the first integral in (4.34) is equal to F(c0) = 1 and the second is given by (4.27) for
u, = o’. Moreover, in the final step we have used that

13

1 —

>

© 1+ 2
ZIF,, = —g, 1 +2 = 5. (4.35)
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The coefficients F, follow, for given ¢, from (4.26) and (4.24). According to its definition
(4.18)—(4.19),

a
z Jg b (4.36)

the number « is directly related to the ratio a/R and, hence, our final result (4.33) represents

an explicit expression for the buckling field as a function of the ratio a/ R. Numerical results
will be presented in the final section of this paper.

The superconducting case (S)

In this case we introduce G{(u) as

Fu)

G) = ipu a—w

o< jul < a7l 4.37)

and this function satisfies (note that F(1) = 0, see (3.26))

() G(u) analytical, o < |ul <aLu#l,
(i) Gw) e R, lul = a
(4.38)
(i) Gw) = Ol —w)™), u-1,
N Gw . _
@iv) ﬂ;‘[\"(=ﬁ ” du = 1,
while the symmetry condition here reads (cf. (4.3))
Gw) = -G '), 6S);  Gw = Gu"), S, (4.39)
The properties (4.38) together with the symmetry condition (4.39) yield
Gu) = : i " = - - n>l = 3, (5.)
u _l—u "=_wgnus 8 = g—n—1+a2,,’ =21, & = 2, e /s
(4.40.1)
and

G = 1, (S,). (4.40.2)
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We can now determine F from (4.37) and next the integral in the right-hand side of (4.12).
As before, ¥ is taken equal to this integral and, thus,

_ 1 F(z2) 1 F(2)
Ys(z) = — E-[Cz z -z dz = n—i-[cl Z + z
2, =
= ‘B’ _5+g1+ Z F;:uo 7E1 = gn+l_2gn+gn—l9 luol<°‘: (Se)’
n=1
(4.41.1)
Ye(z,) = 2 —i(l—u) 4] < a, (S,) (4.41.2)
S\<0 ZO + ﬂ ﬂ 0/s 0l ~= ’ o/ . .

Accounting for the symmetry conditions for @7, we write the function & (1), & < |u| <
—1
a~ !, as

i) 6.+ u"), (S),

n=0

iw) = Y i = 4.42)
[ Z ¢n(u" - u_-")s (Sn)'

n=1

The coefficients ¢,, n > 1 follow from the relation Im®; = Im¥, for |u| = a (the

constant @, is irrelevant, but can be chosen such that ®f (z - ) = ®; (1) = 0). This
yields

2
= = 2 1’ e/ N 3'
¢, ﬂ1+az,,F;:’ n Se) (4.43.1)
and
b, = —2‘;2, 6, = 0, n=2(8,). 4.432)

We now are able to evaluate the right-hand side of (4.16.2). Substituting the preceding results
and calculating the integrals in the usual way, we finally arrive at (use the Laurent series for
Fand I, = nR'/4)

T ES*R? 4 2 (1 — az")
"‘OIO2 ﬂZ n=1

_ 4 5 noa*"(l — a2y
T FATT @0 1 YA+ 2

> 0, (S,), (4.44)
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and

T E&*R?
tol3

m

1 oy _ m
= —EB?(“J”“ ) = ﬁ3<0, S,). (4.45)

Hence, we conclude that in case the currents run in the same direction (S,) the system buckles
in a symmetric mode (i.e., opposite displacements), where the critical current is given by
(4.44) as function of the ratio a/R. On the other hand, as the right-hand side of (4.45) is
negative, there is no symmetric buckling in the (S,)-case (opposite currents). This does not
imply that the (S,)-system is always stable, but the critical current is much higher (at least
O(67"), compare with the case of one beam) than the one for the (S,)-system.

5. Conclusions and discussion
In this section we look at the results of Section 4 into more detail for some specific cases. Let

us first apply the result (4.33) to the case of two cantilevered rods of circular cross-section,
radius R, length /. In this case is 6 = nR/2/ and, then, (4.33) yields

B, 1 (nR)z 5.1)
VihE VOr a ) -
where Qr = Q7(m) stands for the right-hand side of (4.33). This result shows that for fixed
m = a/R the buckling load is proportional to R?//* (just as in the case of one single beam).

The dependence of B, on the distance between the rods is expressed by the factor Q.. In
Table 2 some values for Q. as function of m are given.

Table 2. Values for Q.

m 1.04 1.25 1.43 1.67 2.00 2.50 3.30 5.00 10.0
QO 31.7 2.52 1.28 0.788 0.537 0.371 0.277 0.228 0.169

The corresponding B,//, E-values as function of m and for fixed (R/[)-value (i.e. R/l =
0.01) are given in Table 3. The data in this table indicate an increase in the buckling value
with an increase in the distance between the rods.

Our numerical results are in good correspondence with those of [8] in case u, = 5.10% In
[8] the same problem as mentioned here is treated in a completely different way and for more
general values of y, (i.e. here y, is assumed to be so large that even y, (AR)* > 1, whereas in
[8] it is only assumed that g, > 1 (e.g. u, > 100), but . (AR)* may remain finite).

A second aspect deserving attention is the influence of the direction of the basic field B,
with respect to the plane through the two rods. Thus far, we have taken the direction of B,
parallel to this plane. Let us now consider the more general case that B, makes an angle 6,,
6, € [0, /2], with the positive e, -axis. We investigate the influence of the value of 6, on the
buckling value and we determine the direction of the buckling deflection, which, as we shall
show, is not always equal to the direction of B,.
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We assume a symmetrical buckling mode and we denote the angle between the deflection
of the first beam and the positive e, -axis by 6,. This means that the displacements of the
central lines of the first rod are given by

u(a,0) = w(z)cosb; ,(a,0) = w(z)sin b, (5.2)

whereas those of the second rod are equal but opposite. For circular cross-sections one has
I. = I, = nR*/4 and, thus, the elastic energy remains as given by (2.2).

Our basic formula (1.1) for the buckling field was derived in [1] by putting a functional
J equal to zero (cf. [1], (6.16)—(6.22)). Starting from this formula we here derived a.o. (3.5.1)
and (4.16.1). With the displacement field according to (5.2), the functional J depends on 6, .
Analogous to the derivation of (3.5.1) we now obtain

E&* . 0 .
J@O,) = % - jaol (B, cos 0, + B, sin 0,) N (¢ + B, cos 6, + B, sin 6)) ds.

(5.3)

According to [1], the correct value 8, of 6, can be determined by variation of J with respect
to 6,, i.e.,

dJ . dJ .
d_e,(g‘) and d_ef(g‘) > 0. (5.4)

The lowest buckling value is then obtained from

J@) = o. (5.5)
The further analysis of this problem runs exactly along the same lines as the one for §, = 0
presented in Section 4. Therefore, we refrain from giving the details of the calculations here.
The only extra complication is due to a more general condition at infinity for the analytical
function F(z) introduced in (3.25). Instead of (3.26)* we must use here

F) —» e + 0@z, |z| » . (5.6)

Asin (4.21)-(4.26) we can solve F(z), yielding (compare with (4.24)-(4.26), and note that the
F’s are no longer real)

Fz) = F, + i E" + u"), 5.7

with

Fpb=e¢e™+2, F =g, —28 +8_, n>1, g =0,

os 0 sin 6
g, = na2"|:lc_ ag" + ll l-]:_ aoz”:l’ n=>1. (58)
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The evaluation of the right-hand side of (5.3) is a generalization of the derivation of (4.16.1)
(in which J is already put equal to zero). The result reads (g corresponds to g, but is no longer
an imaginary function; see (3.42) and (3.45))

nuy E6*

J(gl) = 4B2
0

_ /4 1D
— Im [, (F + Fe™) (af + ’;’; >ds. (5.9)

The function g satisfies (compare with (4.32))

dg © [k® nF du ©  nF du
_d — _ -k 2n,,~n n no__ a2n,,—-ny T
ds nz=:1<27r l — « @" + ou )u+,,z=:11+a2"( x ’
(5.10)
while «{? is given by (compare with (4.31)")
K e™ + 2g,
B P -2 0 5.11
2n log o? (5-11)
Substituting (5.7), (5.8), (5.10) and (5.11) into (5.9) we obtain
| E&* .
=J0) = "106—33 — (¢ + ¢, 08 20, + c, sin 26)), (5.12)
where the coeflicients ¢,, ¢; and ¢,, which are independent of §,, are given by
1 5 o 2no™ )
= - 0,
CO 210ga2l 0| "Z=:11 _ xFI >
-1 ) + ad )
= .1
¢ Tlog & > Re {F}} + Z n = Re {F2}, (5.13)
6 = —— Im (F}} — z I
2 2 log o2 "
Application of (5.4) to (5.12) yields
tan20, = < and 520 o (5.14)
9 G
which after substitution into (5.5) finally results in
Ed*
P29 e+ (@ + ) (5.15)

16B2
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In Table 3 we have listed some critical B,-values for various values of m, for 8, = 0, n/4,
7/2 and for R// = 0.01. In this table, B represents the bucking value for two rods relative
to the value of one rod, which is given by (3.15) in case a = b = R. Hence

B? 1
= po T 2 N2 (5.16)
B, CF(G)eo + (cf + )]
Table 3. Relative buckling values for two ferromagnetic rods (R// = 1072)
m 1.04 1.25 143 1.67 2.00 2.50 3.30 5.00 10.00
B 6, =0 0.061 0.216 0.302 0.385 0.467 0.547 0.628 0.717 0.833
6, =1 0.086 0.305 0415 0.477 0.558 0.609 0.665 0.733 0.837
0, =1 0.509 0.541 0.564 0.589 0.617 0.650 0.690 0.747 0.841

From the above table we see that the critical B,-value depends on the angle of incidence 6, of
B,. This is illustrated in the first graph in Fig. 3, which shows a tendency for B, to increase when
6, increases from 0 to 7/2. In the second graph of Fig. 3 the difference between 8, and 6, is
plotted against 6,. It turns out that §, = 6,if, = 0 or §, = n/2. Hence, the deflection and
the basic field By are in the same direction when B, is either parallel or normal to the plane
of the rods. In both cases one has ¢, = 0, while in the first case ¢, > 0 and in the second
case ¢; < 0. Furthermore, Fig. 3 shows that the difference between 6, and 8 is maximal for
6, in the neighbourhood of 7/4 and that this difference decreases with increasing m.

As a second example, we shall apply the result (4.44) to the case of two infinitely long
superconducting rods of circular cross-section, simply supported over periods of length /.
Then, 6 = nR/l, and (4.44) yields

o nR (nR)z
Py = 25 (28, (5.17)
E?®  Jo,\ I
.’B\ m=5 tI A
| |ug8m
T 4 m=125
3t
15
2t
2
1}
25
5
0
“0 2 4 6 .e'1oo Y I D
2Gy/m 26,/n

Fig. 3. The relative buckling value and the deflection angle as function of 8, for given m.
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where Q; = Qs(m) stands for the right-hand side of (4.44). This relation formally resembles
(5.1), and, hence, the behaviour of I, under varying R// or m is the same as that of B,. Values
of Qg as function of m are given in Table 4. We note that for larger values of m the factor

1//Qs approaches m.

Table 4. Values of Q

m 1 1.5 2 3 4 6 8 10
[N 0.311 0.220 0.168 0.0935 0.0568 0.0266 0.0153 0.00985
1/5/Qs 1.79 2.13 2.44 3.27 4.20 6.13 8.09 10.08

It is of some technical interest to compare this result with the result of a less accurate but
more simple solution which is based upon a generalization of the law of Biot and Savart. The
basic relation for this method is given by Moon in [2], eq. (2-6.4). Let L, and L, be two curves
in R, carrying the same electric current /,. Moreover, let P, and P, be two points on L, and
L, with position vectors r,(s;) and r,(s,), respectively. Here, s, and s, are the arc length
parameters along L, and L,, respectively. The force per unit of length in P, acting on L, is
now calculated as the Lorentz-force due to the current through L, times the magnetic field
created by L,. The latter follows from a generalization of the law of Biot and Savart (cf. [2],
(2-6.3)). According to [2}, (2-6.4) this force is then given by

(5.18)

2 t, x (t, x R)
Rs) = tlif G x G R g

where t; and t, are unit tangent vectors along L, and L,, respectively and R is the position
vector from P, to P, i.e.

= g:—i, , = g—z, R =1 —r,. (5.19)
The above formula for F is in so far an approximation in that, firstly, the three-dimensional
current carrying bodies are considered as one dimensional curves (thus, for instance, the
specific shape of the cross-section and the distribution of the current over this cross-section
are disregarded) and, secondly, the force due to the self field of L, is neglected. Nevertheless,
it will turn out that this approach will give good agreement with our results as long as the
two current filaments are not too nearby.

We shall now apply the above formula to our problem of two straight, parallel, infinitely
long current carriers with equal currents J,. In the undeformed state, the filaments are a
distance 2a apart and directed in the e,-direction. We define z := 5, and { :=s,. The
deflections of the filaments are directed in the e, -direction and denoted by u,(z) and «,({),
respectively. Hence,

r, = [a+ u(2]e + ze;, 1, = [—a + w(0)]e; + ey,
R = [2a + ,(2) — w,(D]e; + (z — e, (5.20)
t, = ui(@e + e, t = u(de; + e;.
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These formulae enable us to evaluate (5.18). In doing so, we must realize that the displace-
ments are small and, hence, that a linearization with respect to these displacements is
allowed. In this way we approximate R’ by

» = Ré[l + %(u, - uz):l, -21)

where

R, = Rz = JA4 + (z = L} > 2a. (5.22)

In the same way we linearize the numerator of the integrand in (5.18), thus finding an
expression for F of the form

Fz) = FO@) + 1(2), (5.23)

where F© is independent of and f linear in the displacements. Hence, F© is the force in the
prebuckled state (causing the so called predeflections), which does not play any role in the
determination of the buckling value for I,. Therefore, we define ¢(z) as the force per unit of
length in the e, -direction acting on the deflected beam by

q(@) = (1(2), ¢), (5.24)
and this force density is related to the deflection by the well-known beam equation
ELu"(z) = 4q(2). (5.25)

The procedure described above yields the following expression for g(z)

I} iw - - 1242 —
9G) = #o f .f [ul(Z) uz(C)R0 c-0Dwl® 12a (ul(ZR?g uz(C))] a.
(5.26)
For the further evaluation of (5.26) we assume symmetrical buckling, i.e. #;(z) = —u,(2) =

u(z). After two partial integrations, in which it is used that «({) is a periodic function in {,
(5.26) becomes

) = % °1‘3 [u(z) +a [ E(Q—E)-“—(Z—) dc] (5.27)

Finally, we realize that the second term in the right-hand side of (5.27) is O(a?%//?) with
respect to the first term. Since we have restricted ourselves to the cases a < /, we may neglect
this term. Thus (5.25) takes the form

d*u U I2
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The boundary conditions for u(z) are (simply supported)

u@0 = u(l) = w0 =u"(l) = 0. (5.29)
The first buckling mode satisfying these four boundary conditions is

u(z) = A sin nz, (5.30)

which after substitution into (5.28) (with 7, = nR*/4) leads to the following result for the
buckling value

s = (Y &

Table 4 shows that 1/\/Qs & m = a/R for m large (relative difference is less than 5% for
m = 4) and then (5.17) becomes equal to (5.31). Hence, we conclude that for a/R = 4 the
Biot-Savart approach presented here gives a good approximation for the buckling value.
However, when the filaments come nearer to each other the correspondence becomes worse.
In the limit m — 1 the formula (5.31) gives a buckling value that is about 80% lower than
the one according to (5.17).

We conclude with the remark that the results of Section 4 for two parallel, superconduct-
ing rods will be used in a forthcoming article [9], in which the buckling problem for two
parallel toroidal superconductors is investigated. The fields for two rods, as found in the
present paper, constitute a useful first approximation for the fields for two tori in case these
tori are slender.

References

1. P.H. van Lieshout, P.M.J. Rongen and A.A.F. van de Ven, A variational principle for magneto-elastic
buckling, J. of Eng. Math. 21 (1987) 227-252.

2. F.C. Moon, Magneto Solid Mechanics, John Wiley & Sons, New York (1984).

3. A.AF. van de Ven, Magneto-elastic buckling of a beam of elliptic cross-section, Acta Mechanica 51 (1984)
119-138.

4. N.I. Dolbin and A.l. Morozov, Elastic bending vibrations of a rod carrying electric current, J. Appl. Mech.
Tech. Phys. 3 (1966) 59-62.

5. H. Kober, Dictionary of Conformal Representations, Dover Publ. Inc. (1957).

6. A.A.F. van de Ven, The influence of finite specimen dimensions on the magneto-elastic buckling of a canti-
lever, Proceedings of the IUTAM-IUPAP Symposium on the Mechanical Behaviour of Electromagnetic Solid
Continua, Maugin (ed.), Paris (1983), pp. 421-426, North-Holland Publ. Co., Amsterdam (1984).

7. N.I. Muskhelishvili, Singular Integral Equations, Noordhoff, Groningen (1953).

8. A.AF. van de Ven, J. Tani, K. Otomo and T. Sugaya, Magneto-elastic buckling of two nearby ferro-
magnetic rods in a magnetic field (forthcoming).

9. P.R.JM. Smits, P.H. van Lieshout and A.A.F. van de Ven, A variational approach to magneto-elastic
buckling problems for systems of superconducting tori (forthcoming).



